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Abstract. De Concini, Kac and Procesi defined a family of subalgebras U™ 
of a quantized universal enveloping algebra h(q{g), associated to the elements 
of the corresponding Weyl group W. They are deformations of the univer- 
sal enveloping algebras U{n+ fl Adu,(n_)) where n± are the nilradicals of a 
pair of dual Borel subalgebras. Based on results of Gorelik and Joseph and 
an interpretation of W+ as quantized algebras of functions on Schubert cells, 
we construct explicitly the H invariant prime ideals of each and show 
that the corresponding poset is isomorphic to W-'^ , where H is the group 
of group-like elements of blq{g). Moreover, for each //-prime of W™ we con- 
struct a generating set in terms of Demazure modules related to fundamental 
representations. 

Using results of Ramanathan and Kempf we prove similar theorems for 
vanishing ideals of closures of torus orbits of symplectic leaves of related Pois- 
son structures on Schubert cells in flag varieties. 



1. Introduction 

Let g be a be a split semisimple Lie algebra over a field K of characteristic 
0. Fix a pair of opposite Borel subalgebras b± with nilradicals n±. Let € K 
be transcendental over Q and Uqis) be the corresponding quantized universal 
enveloping algebra over K with standard generators X^, . . . X^, K^^, . . . , Kf-^. 

Given an element w of the Weyl group of g, one defines the nilpotent 
subalgebra n+ fl Adtt,(n_) of g, where Ad refers to the adjoint action. The q- 
analog of U{n+ n Ad^(n_)) is defined in a less straightforward way. For each 
reduced expression w = Si^ . . . si^ G W one defines the Lusztig root vectors 
[231 [5] X^, ri,(X^:^ ),..., Ti, .. . Ti^.A^tj, where T denotes the action [231 U 
of the braid group of W on Uq{Q). De Concini, Kac, and Procesi [6] proved 
that the subalgebras of ZYg(g) generated by these root vectors (in the plus and 
minus cases) do not depend on the choice of a reduced expression of w and 
studied their representations at roots of unity. Denote the De Concini-Kac- 
Procesi subalgebras of Uq{Q) corresponding to w G by W!^. 

In this paper we investigate the set of prime ideals of lA^ invariant under 
the conjugation action of the group H = {Ki, . . . ,Kr) of group-like elements of 
Uq{Q). We identify the (finite) poset of those ideals ordered under inclusions with 
a Bruhat interval, obtain an explicit description of each ideal using Demazure 
modules, and construct a small generating set for each ideal. Special examples 
of lA^ are the algebras of quantum matrices Rq[Mm,n\- Even in this case the 
generating sets and explicit description of the ideals present new results. 

We prove that the algebras are quotients of the Joseph-Gorelik quantum 
Bruhat cell translates [171 116j . The latter are quantizations of the algebras of 
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functions on the translated Bruhat cells of the full flag variety associated to g 
with respect to the standard Poisson structure. Along the way we obtain a model 
for as quantizations of Poisson structures on Schubert cells. Our construc- 
tions are similar to the De Concini-Procesi [7J interpretation of as quantum 
Schubert cells. They constructed an isomorphism between a localization of HU^ 
and a localization of a quotient of the quantized algebra of functions on a Borel 
subgroup. We work with a realization of (without H and localization) in 
terms of Demazure modules. To be more precise, let G be the split simply con- 
nected semisimple algebraic group over IK with Lie algebra q. Denote by B± the 
Borel subgroups of G corresponding to b±. It is well known that the coordinate 
ring of the Schubert cell B^w ■ C G/Bj^ consists of matrix coefficients of 
Demazure b+-modules, cf. ^4.61 for details. We construct a quantum version 
of this coordinate ring as follows. Let P+ be the set of dominant weights of g. 
Denote by ^(A) the irreducible Z//g(0)-module with highest weight A G P+. The 
Demazure module Vw{X) is the Z^q(b+)-module generated by T^vx where v\ is a 
heighest weight vector of V{\) and refers to the canonical action of the braid 
group of W on F(A), see [23l |5]. Denote the subalgebra of Uq{Q) generated by 
Xf, . . . , X± by U±. Identify := U+ n wU-w~^ ^ B+w ■ B+ and define the 
quantized coordinate ring of the Schubert cell Bj^w ■ B^ as the subset of 

(Z^+)* consisting of all matrix coefficients c^'^{x) := {ri,xTwV\) for rj € 14,(A)*, 
which is easily seen to be a K-space §3.81 One can make it into a K-algebra by 
setting 

u;,Ai «),A2 _ (A2,Ai-«)-i/xi) «),Ai+A2 

where r] = Vi m\u+{T^vy,^®T^v^^) e K,(Ai + A2)* 

for ?7i G T4)(Ai)* of weight /xi and 772 ^ ^w(A2)*, see ^3.81 for details. 

Recall that to each w ^ W one associates a quantum i?-matrix TV" which 
belongs to a certain completion oilA^ ^W^, see ^2.41 Our treatment ofW^ rests 
upon the fact that he map ipw ■ Rq[U]^] — >■ l^- given by 

V'»«'^) = (c^•^0id)(7^"') 

is an algebra isomorphism and the fact that Rq[U!^] is a quotient of the Joseph- 
Gorelik quantum Bruhat cell translates (which are quantizations of wB^ ■ B^ C 
G/Bj^). Both facts are proved in Sect. 3. 

We then use Gorelik's detailed study [16j of the spectra of the quantum Bruhat 
cell translates and Joseph's results [18j on generating sets for ideals of Rq[G] to 
obtain the following Theorem: 

Theorem 1.1. Fix w . For each y € W-^ define 

(1.1) I^(y) = {(c^;''^ ® id)(7^"') I A G P+,77 G {V^{\)f^U~TyVx)^]. 

Then: 

(a) Iw{y) is an H -invariant prime ideal ofW^ and all H -invariant prime ideals 
of ti"^ are of this form. 

(h) The correspondence y G W-^ ^ Iw{y) is an isomorphism from the poset 
W-"^ to the poset of H invariant prime ideals of ordered under inclusion; 
that is 1^,(2/) C Iu,(y') for y,y' G W-"" if and only if y < y' . 
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(c) Iw{y) is generated as a right ideal by 

(c:;'''^'®id)(7^"') for r]e{VUiOi)nU-TyV^^)^,i = l,...,r, 

where uJi, . . . ,uJr are the fundamental weights of q. 

Assuming only that q is not a root of unity and without restrictions on the 
characteristic of K Meriaux and Cauchon [25] obtained a classification of the 
i7-primes of W!^ using Cauchon's deletion procedure Such parametrizations 
were previously obtained for quantum matrices [22] by Launois. But even for 
quantum matrices an explicit formula for the ideals Iwiu) of the type (jl.ip was 
unknown. 

The poset structure on //-primes was known only for quantum matrices due 
to Launois [22j under the same restriction that q is transcendental over Q and IC 
has characteristic 0. 

Generating sets were known only for 3x3 quantum matrices due to Goodearl 
and Lenagan [13] for arbitrary K, q not a root of unity. Launois [2lj proved 
that the invariant prime ideals in quantum matrices are generated as one sided 
ideals by quantum minors for the case of q transcendental. In an independent 
work Goodearl, Launois, and Lenagan [I2j determine all quantum minors in a 
given invariant prime ideal of Rq [Mm,n] (for an arbitrary field K, q not a root of 
unity) and thus construct generating sets for those ideals (in the case when IK 
has characteristic and q is transcendental over Q). In Sect. 5 we show that the 
uniform treatment of ideal generators for the prime ideals of all algebras U!^ from 
Theorem I l.l) when specialized to quantum matrices gives explicit generating sets 
consisting of quantum minors. Our generating sets are smaller than those in |12j . 

Assume that A is an algebra with a rational action of a torus T by algebra 
automorphisms. Goodearl and Letzter [13] showed that under some minor con- 
ditions Specyl has a natural stratification into strata indexed by T-primes of A, 
see also Brown-Goodearl |2]. They furthermore proved that each stratum can be 
identified with the spectrum of a Laurent polynomial ring. Their results apply 
to iterated skew polynomial rings again under some mild hypotheses which are 
satisfied for [25j. This in particular provides a stratification of SpecWH! with 
the property that all strata are tori. Such a stratification can be also directly 
obtained from Gorelik's results using Theorem 13. 7[ 

In the case when G is a complex simple group, the flag variety G/B^ has a 
natural Poisson structure studied by Brown, Goodearl and the author [HdS]. All 
Schubert cells B^w-B^ C G/B^ are Poisson submanifolds. This induces Poisson 
structures on = n wU~w~^ = B^w • B^. All of them are invariant 
under the action of the maximal torus T = B^ D i3_ of G. The torus orbits of 
symplectic leaves of vr^ were described in [S] [15]. In Sect. 5 we show that all 
results for UH^ have Poisson analogs for the vanishing ideals of the torus orbits of 
leaves of tt^. In particular, one obtains an explicit description of these ideals in 
terms of Demazure modules, as well as generating sets for the ideals. Another 
consequence is that we obtain an isomorphism between the poset of /f-invariant 
prime ideals of UH! and the underlying poset of the stratification of (f/^, vr^) into 
T-orbits of symplectic leaves (with inverted order relation) . This is the first step 
towards realizing the orbit method program for the algebras which would 
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amount to constructing a homeomorphism between SpecU^ and the symplectic 
foliation of (C/^,7r^). 

To understand the relation between the situation in the Poisson case and 
Gorelik's construction one is led to consider certain intersections of Schubert 
cells with respect to three different flags, see Lemma 14.21 and Proposition I4.3[ 
Recently Knutson, Lam and Speyer [20] raised the question of finding intersec- 
tions of multiple (> 2) Bruhat decompositions with good geometric properties. 
They proved that each stratum of Lusztig's stratification of Grassmannians can 
be considered as an intersection of Schubert cells with respect to n cyclically 
permuted Borel subgroups and used this to obtain a number of results on the 
geometry of Lusztig's stratification. 

We finish the introduction with several notation conventions. For a subgroup 
B C G and g £ G we denote hy g ■ B the coset of g in G/B and by gB 
the product subset of G. For a subvariety X of Z we denote by Clz{X) the 
Zariski closure of X in Z. For a subspace L of a vector space V we denote 
L"*- := € I {S,,v) =0, Vv G L}. A submanifold M of a Poisson manifold 
(X, it) will be called a complete Poisson submanifold if M is a union of symplectic 
leaves of {X, vr) . 

Acknowledgements. I am grateful to Ken Goodearl for many helpful dis- 
cussions and to Victor Kac for pointing out the results in [6j at an early stage of 
this project when I was trying to understand representations of quantized uni- 
versal enveloping algebras of nilradicals of parabolic subalgebras. The author 
was partially supported by NSF grant DMS-0701107. I would also like to thank 
Stephane Launois and Laurent Rigal for comments on the first draft of the paper. 



2.1. Let IfC be a field of characteristic and g G K be transcendental over Q. 
Let g be a split semisimple Lie algebra over IC. Denote the rank of g by r and 
its Cartan matrix by (qj). The quantized universal enveloping algebra l^qis) is 
the K-algebra with generators 



2. The algebras Ugig), Rq[G], R^, and 



= 1, . . . ,r, 



subject to the relations 
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Here Qi = q'^^ for the standard choice of integers di for which the matrix (diCij) 
is symmetric. Recall that Uq{Q) is a Hopf algebra with comultiplication given by 

A{Xr)=Xr ^l + Ki^X-, 
antipode and counit given by 

S{K,) = Kr\ S{Xt) = -X+K7\ S{Xr) = -K.X, 



and 

Here 



e(K,) = 1, e{Xf) = 0. 



q - q~ 



q [m]q\[n-m]q\ 



Denote by IA± the subalgebras oiUq{Q) generated by {Xf}\^^. Let H be the 
group generated by {Kf^Yi^^. Set Uq{h±) = HU±. 

2.2. Let P and P+ be the sets of all integral and dominant integral weights of 
g. The sets of simple roots, simple coroots, and fundamental weights of g will be 
denoted by {(y^Yi=i-: ^'^d {^iYi=i^ respectively. The weight spaces of a 
Wq(g)-module V are defined by 

Vx = {v (^V \KiV = q^^'^'^'^v, Vi = 1, . . . , r} 

for A € P. A Z//q(0)-module is a weight module if it is the sum of its weight 
spaces. The irreducible finite dimensional weight i^g(g)-modules are parametrized 
by P+. Denote by V{X) the irreducible module corresponding to A G P+. For 
each A G P-f fix a highest weight vector vx of V{X). 

The quantized coordinate ring Rq [G] is the Hopf subalgebra of the restricted 
dual of Uq{g) spanned by all matrix entries c|^, A G P+, v G V{X),^ G V{X)*. 
Thus cl^{x) = {C,xv) for x G Uq{g). 

We have the canonical left and right actions of ZYg(g) on Rq[G]: 

(2.1) X ^ c = ^C(2)(x)c(i), c ^ X = ^C(i)(x)c(2), X eUq{g),c e Rq[G]. 

The subalgebra of Rq[G] invariant under the left action oiU+ will be denoted 
by R^. It is spanned by all matrix entries c|^^ where A G P+, ^ G L{X)* and vx 
is the fixed highest weight vector of V{X). 

2.3. Denote the Weyl and braid groups of g by and Bg, respectively. There is 
a natural action of Bg on the modules V{X), see [5l[23] for details. The standard 
generators Ti, . . . ,Ti oi Bg act by 

T,= ^ {-lfqrAxt)^''\xrf)iX+)(-^ 

a,b,ceN 

where 
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Similarly Bg acts on Uq{Q). Its generators act by 

T,{Xt) = -XrK„ T,{Xr) = -Kr^X+, T,{K,) = K.K;'^^ , 

r=0 
r=0 

The action of the braid group has the properties 

(2.2) r^^(A)^ = F(A)^(^), r^(a;.t;) = {T^x).[T^v), 
for all It; G VF, X G ^g(g), v G V^(A), /i G P. 

2.4. Fix w . For a reduced expression 

(2.3) w = Si^... Si,^ 
define the roots 

(2.4) /?! = ai^,P2 = Si^ai2, . . . ,Pk = Si^ . . . Si^^_-^ai^^ 
and the root vectors 

(2-5) Xp^ = Xf^ , X^^ = Ts^^ Xf^,...,X^^= Ts^^ ,„s^^_^ Xf^ , 

see [23] for details. Following [6], define the subalgebra W!^ oiU± generated by 
X%,j = l,...,k. 

Theorem 2.1. (De Concini, Kac, Procesi) [U', Proposition 2.2] The definition 
of the algebra does not depend on the choice of a reduced decomposition ofw. 
The algebra has the PBW basis 

(X± )"'=... (X±)"\ ni,...,nfcGN. 



Set 



oo p. 
n(n+l)/2 ^ 



—0 N<?.! 
The universal i?-matrix associated to w is given by 

(2.6) 7^-= n exp,J(l-9U"'^J®^^, 

j=/c,..,l 

in terms of the reduced decomposition (j2.3p and the root vectors ()2.5p . cf. [5] 
for details. In (j2.6p the terms are multiplied in the order j = k, . . . ,1. The 
i?-matrix TZ^ belongs to U^^U^, the completion of U'!^ with respect to the 
descending filtration [23l §4.1.1]. It does not depend on the choice of reduced 
decomposition of w. For all A, /u G P+ 

(2-7) T^,v{\)(g,v{iJ.) = {TV^y^ {Twy{\) ®T^y(ti)) ■ 
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2.5. Fix again w G W. For each A G P+ fix (^^^x £ (^(A)*)_^a normalized by 
Following [17], for A G P+ define 



cf. g22]for the definition of G F(A)a. 

It is clear from (|2.7p that c^c^i, = c^^^'^ = c(i,c^ for all A, ;U G P+. Denote ^T7\ 
§9.1.10] the multiplicative commutative subset of 

= {c^ I A G 

Lemma 2.2. (Joseph) [IT, Lemma 9.1.10] The set is Ore in . 
Denote the localization 

i?- = i2+[c-i], 

cf. [I71II6] for details. Recall that the left and right i^g(g)-actions (12. Ih on Rq[G] 
induce left and right actions of Uq{Q) on , [HI §4.3.12]. Let be the H 
invariant subalgebra of with respect to the left action of H. For A G P+ set 

c-^ = {c^)-'^ in R". Note that 

(2.8) = {c-^cl,^ I A G G F(A)*} 

since for all X, £ P+ and ^ G V^(A)*, there exists ^' G y(A + fj)* such that 

3. The //-spectrum of 

3.1. We start by recalling several results of Gorelik [16j. For y £W define the 
ideals 

Q{yt = Span{4_,^ | i G V{\)\ i ± U^TyVx} 

of R'^ and 

(3.1) Q{y)t, = {c-^cl,^ I e e F(A)*, e ± U^TyVx} 

of iig". In the second case one does not need to take span because of (|2.8p . The 
ideals (j3.ip are nontrivial if and only if y > in the plus case and y < w m. the 
minus case. 

Following [16j denote 

w 

W()W = {(y-,y+) eW y.W\y-<w< y+}. 

w 

Consider the induced poset structure onW()W from the standard Bruhat order 
on the first copy of W and the inverse Bruhat order on the second copy of W, 
i.e. for {y^,y+),{y'_,y'^) € W x W 

{y-,y+) < {y'^,y'+) if and only if y_ < y'_ and y+ > y+. 

Theorem 3.1. (Gorelik) [16l Lemma 6.6, Proposition 6.11, Corollary 7.1.2] 

w 

(a) For each {y^,y^) £W()W there exists a unique H invariant prime ideal 
Q{y-,y+)w of Rq which is minimal among all H invariant prime ideals of Rq 
containing Q{y-);, + Q{y+)t,- 
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(b ) The ideals in (a) are distinct and exhaust all H invariant prime ideals of 

(c) The map Q{y-,y+)w ^ {y-^y+) is an isomorphism between the posets 

w 

of H invariant prime ideals of Rq ordered under inclusion and W()W; that is 

w 

Qiy-,y+)w ^ Q{y'^,y'+)w for (y_,y+), (y^,y^) G 14^ OW^ if and only if y^ < 
y'_ <w <y'^ < y+. 

(d) For y_ G W^"" 

Q{y-,w)w = Q{y-)w + Q{w)t- 

3.2. We will construct a surjective homomorphism from Rq to lA^ similarly to 
the De Concini-Procesi construction of quantum Schubert cells [7, Sect. 3]. We 
start with the following simple Lemma. Its proof is included for completeness. 

Lemma 3.2. Assume that H is a Hopf algebra and A is an H-module algebra 
with a right H action. Let e: A ^ be an algebra homomorphism, where IK is 
the ground field. Then the map (p: A ^ H* given by 

(j){a){h) = e{a.h) 

is an algebra homomorphism. If, in addition the action of H is locally finite, 
then the image of 4> is contained in the restricted dual H° of H. 

Proof. Let ai,a2 G A. Using Sweedler's notation 

(3.2) (/)(aia2)(/i) = £((0102). /i) = e(^(ai./i(i))(a2./i(2))) 

= ^ e(ai./i(i))e(a2./i(2)) = (0(ai) «) 0(02), A(/i)) = ((/)(ai)(/)(a2))(/i). 

If the action of H is locally finite, then for all a G ^ the annihilator in H 
of the finite dimensional module a.H is an ideal J of finite codimension. Since 

J Ckei (j){a), cpia) (£ H°. □ 

3.3. 

Lemma 3.3. The map e^, : R^ IK given by 



(3.3) eUcLj=aTwVx), XeP+,^eV{Xy 



is an algebra homomorphism. Moreover e-u){c^) = 1 and induces a homomor- 
phism from R^ to IK (which will be denoted by the same letter). 

The fact that (j3.3p defines a homomorphism is straightforward from ()2.7p . The 
equality et„(c^) = 1 follows from the definition of c^. 

Consider the right action oiUg{b+) on Rq , cf. §2.51 and [TTl §4.3.12]. Lemma 
13.21 and Lemma 13.31 now imply that the map 

(3.4) R}^ ^{Ug{b+)y, {Mc),x) = eUc^x), ceR}^,xeUg{b+) 

is an algebra homomorphism. 
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3.4. Let Wo be the longest element of the Weyl group W of g. Fix a reduced 
expression for w £ W as in (j2.3p . There exists a reduced expression of Wo starting 
with the expression (12. 3p : 

(3.5) Wo = Si-^ . . . . . . Si^. 

Define the roots 

(3.6) /?! = aii,/32 = Si^ai2, . . . ,Pn = Si^ . . . Si,^_-^aij^ 
of and the root vectors 

(3.7) Xf^ = X^^^ , X^^ = Ts^^ X^^^ ,...,Xf^= Ts^^ ,„s^^_^ X^^^ . 

ofUq{Q). For j < k, (3j and X^, are exactly the roots and the root vectors defined 
by (I23D and (|23]) . 

Lemma 3.4. For allKGH,jen,k<j<N,Y£ Uq{b+), c e 

{(PUc),YK) = {ct>Uc),Y) 

and 

{Mc),YXp=0. 

Proof. The first equality is simply the definition of Rq as an invariant subalgebra 
of i?'". 

Applying |17l §4.3.12] one sees that the second equality follows from 
(e, YX+T^vx) = 0,yj>k + l,Y GU+,^e V{X)*. 

This in turn is proved by observing that T^^{X'^) = Ts-^^^...^. . ^X^, € U+ 
annihilates vx. □ 

Corollary 3.5. For all ni, . . . ,ni\f, n G N 

(3.8) (0.(c-^4,J, {X^r ■ ■ ■ {X^^T-K^) 

= (e, {xir- . . . {x+^T-T^vx) = <5„,^„...,n^,o(e, {xir ■ ■ ■ (Xlrr^vx). 

3.5. The standard bilinear form Uq{b+) x Z//g(b_) K can be used to embed 
Uq{b-) in {Uq{b+))* (as algebras). We identify with its image in {Uq{b+))*. 

Proposition 3.6. The image ofcpw '■ Rq —>■ {^^q{b+))* isU^. Its kernel is Q{w):^. 

Proof. The inclusion InKpm C follows from the fact that 

{(X+)"i...(X+^)"- |ni,...,n„GN} 

is a PBW basis of U+ and Corollary 13.51 Assume that (p^ is not surjective. 
Then there exists X G U^, X ^ such that S,{XTwVx) = for all A G P+ and 
C G V{X)*. Therefore Xi = T-\X) G U- satisfies c{Xi) = for all c G R+ , i.e. 
Xivx = for all A G P+. It is well known that this implies Xi = 0, see e.g. \n\ 
§4.3.5-4.3.6], which contradicts with X ^ 0. 

Let A G P4-, ^ G V{X)*. Using Corollary 13.51 we see that c~^c|^^ G keri;^^ if 
and only if 

i^M+T^vx) = 0, 

i.e. c^'^c^,^,^ e Q{w)t,- Thus kev (p^ = Qiw)^. □ 
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3.6. Proposition 13.61 and §3.2 imply the following explicit form of the map (p^, 
cf. Theorem 3.2 of De Concini and Procesi [7|: 

Theorem 3.7. The K-Zmear map 

(3.9) 0^: R}^^U^, Mc~^cl,,) = (^t'^,, id)(7^'"), A G P+,e G V{XY 

is a surjective homomorhism of algebras. Its kernel is Q{w)^. 

The explicit form of (pw originally defined by (j3.4p follows from the fact that 
the i?-matrix TZ^ is by definition equal to a sum of the form (gi Zj where 

{1^} and {Zi} are dual bases of Z//^ and UH! with respect the standard bilinear 
form^(b+) xUg{b-) ^K. 

3.7. Corollary 13.51 implies that (p^: Rq is //-equivariant with respect to 
the right action of H on Rq (j2.ip and the conjugation action of H on U^: 

(3.10) K.x = K'^xK, K GH,xeU'^. 

The following Theorem describes the poset of //-primes of UJ!!. 
Theorem 3.8. Fix w G W. For each y G W-'^ define 

(3.11) iM = MQ{y)Z,) = {{cIt^v, ^ id)(7^"') | 

X£P+,C£V{Xy,C^l(-TyVx}. 

Then: 

(a) Iw{y) is an H invariant prime ideal ofW^. 

(b) All H invariant prime ideals ofU^ are of this form. 

(c) The correspondence y G W-^ ^ Iw{y) is an isomorphism from the poset 
W-^ to the poset of H invariant prime ideals of lA^ ordered under inclusion; 
that is Iw{y) C Iu,{y') for y,y' G W-"" if and only if y < y' . 

Proof. The map (pw establishes a bijection between prime ideals of and prime 
ideals of Rq containing ker(/>^ = Q{w)^ (in order preserving way). The map (f)^ 
is also equivariant with respect to the right action of H on Rq and the conjugation 
action of H on W^, cf. 13.51 Thus it provides an isomorphism between the posets 
of H invariant prime ideals of Rq containing ker i;^^ = Q{w)^ and the //-primes 
ollA^. Now Theorem 13.81 follows from Gorelik's Theorem 13.11 because the only 
H invariant prime ideals of Rq that contain Q{w)^ are Q{y-,w)w, V- G W-"^ 
(see Theorem 13.1] (a), (c)). □ 

Remark 3.9. Gorelik proved [T6] that all ideals Q{y-, y+)w are completely prime 
and as a consequence one gets that all ideals Iw{y) are completely prime. This 
is true in a greater generality for //-primes of certain iterated skew polynomial 
rings [m Proposition 4.2] due to Goodearl and Letzter. 

Remark 3.10. There is a natural action of the algebraic torus W on Uq{Q) by 
algebra automorphisms constructed by setting 

(ai, ...,ar)-X^ = af (ai, . . . ,ar) ■ Ki = Ki, i = l,...r. 

The subalgebras are invariant under it. A subset oiUg^Q) is invariant under 
the action of MJ' if and only if it is invariant under the conjugation action of H. 
Prom the point of view of Goodearl-Letzter theory of //-primes it is more natural 
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to use the action of W since this group is algebraic. Because the invariance 
properties under W and H are the same and the latter action is more natural 
within the Hopf algebra setting, we use the H action. 

3.8. An equivalent way to define the algebras and to work with them is 
by using Demazure modules. This gives an interpretation of UH^ as quantized 
algebras of functions on Schubert cells which is similar to the De Concini-Procesi 
isomorphism ^ Theorem 3.2]. A notion of quantum Schubert cells in the case of 
Grassmannians was also defined in [23] using the algebra of quantum matrices. 

Recall that the i^g(b+)-modules Vw{X) = U^T^vx = U^T^vx are called De- 
mazure modules, cf. [17, §4.4 and 6.3] for details. For rj £ Vu]{^)* define 

c^'^ G {U+y, c^'\X) = {7],XT^vx), X G U+. 

Set C/^ = J7+ n wU^w-^. Denote by i?g[C/^] the subset of consisting of 

Consider the linear map 

(3.12) v^^-.R]^^ {U+)\ ip^{c-^4) = A G G V{\r. 

^ S I Vyj ( A J 

(Because of Corollary 13.51 this is nothing but the map : Rq — > (Z^g(b+))* 
composed with the the linear projection (Z//g(b_|_))* — > (JAj^)* .) The image of (/j^ 
is i?g[C/^] and its kernel is Q{w)^ because of Corollary 13.51 In particular Rq\U^] 
is a subspace of iU+)* ■ Since Q{w)^ is an ideal of Rq one can push forward the 
algebra structure of Rq to an algebra structure on Rq\U^]. From now on Rq\U^\ 
will denote the subspace of {U+Y equipped with this algebra structure. Recall 
[m §6.5] that for ah Ai,A2 G P+, 6 G {V{\iT)^,„ ^2 G ^(Aa)* 

see \n\ §9.1] for more details on commutation relations in Rq[G]. Let rji G 
(Ki;(Ai)*)/ii and 772 G 14, (A2)*. The induced algebra structure on Rq[U^] is given 
by: 

(3 14) Q^'-^^Q^'-^2 — g(A2,Ai-«)"^/ii)^ui,Ai+A2 

where r/ = r/i m\u+{T^vx^^T^v^^) ^ K,(Ai + A2)*. 

Here we use that Uj^iTwVx-^ ® TwV\2) C U+T^vxi ®Uj^T^vx2- Note that it is not 
a priori obvious from (|3.14p that this is a well defined multiplication and that 

it is associative. The unit in i?g[C/^] is equal to c^^^ where rjyj^x = iw,\\vw{\)i 
A G P+, recall §2.5. (The elements c^^^ G (W+)* are all equal to each other.) 
Define the linear map 

(3.15) ^P^: Rq[UX]^U'^, V'^.^'^) = id)(7^-), A G P+,?7 G K,(A)*. 

Corollary 13.51 and Theorem 13.71 imply that ijjw'- Rq\U^] is an algebra 

isomorphism. 

Recall that : Rq is ff-equivariant with respect to the right action of 

H on P^ and the conjugation action of H on U"!! (IXTH . 
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From the definition of ip^ one obtains tliat ip^ '■ Rq — Rq[U^] is ff-equivariant 
with respect to the right action of H on Rq and the restriction to Rg[U^] of the 
following action of H on U+ 

(3.16) K.c = K-^ K, {R-^ ^ K,X) = c{KXK-^) 

K e H,c e {U+)\X £ U+. Finally, the isomorphism tp^,: RqPX] -> ^- is 
iJ-equivariant with respect to the action ()3.16p and the conjugation action of H 
on U"^ 

Theorem 3.11. (1) The homomorphism (jy^- Rq — > Zi^ factors through the 
surjective homomorphism (j3.12p ip^- Rq Rq[U^] and the isomorphism (j3.15p 
tpw- Rq[U^] . Both maps are H-equivariant. 

(2) Under the isomorphism ip^- Rq[U^] U"! the ideals Iwiu), U ^ W-'^ of 
correspond to the H invariant prime ideals 

My) = K'^ I A G P+,r/ G {VU\)nU-TyVx)^} 

ofRqPXl 

(3) The ideals Iw{y), y G W-^ ofU^ are also given by 

Uy) = {«'^ id)(7e'") I A G P+,r/ e {VM)riU^TyVx)^}. 
Part (1) has already been established. Recall that 

iw{y) = 4>w{Q{y)w + Q{w)t,)- 

Part (2) is a direct computation of Jw{y) ■= Vw{Q{y)w)- Part (3) follows from 
the fact that Iw{y) = i'wiJwiy))- 

3.9. In this subsection, based on results of Joseph [18], we construct generating 
sets of the i?-primes Iwiy) oiU^. Denote the subalgebra 

of Recall i j2.2l that wi, . . . ,0Ji denote the fundamental weights of g. 

Theorem 3.12. (Joseph) [ig Theoreme 3] For allw eW 

r 

(3.17) Span{c|,,^ | A G G {U+T^vx)^] = ^{^.^^ | ^ G {U+T^v^^)^}R+ 

i=l 

and 

(3.18) Span{c|^^^,^ | A G P+, ^ € {U^T^vx)^} 

r 

■t=i 

The left hand sides of ()3.17p - (|3.18p are H invariant prime ideals of R^ and 
the right hand sides give efficient generating sets of them as right ideals. 
Using (|2.7p . one sees that the map 
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is an isomorphism of algebras. Thus (j3.18p imphes 

r 

Span{4,^ I A G P+,e G {U^T^vx)^} = ^{^.^^ | ^ G {U^T^v^^)^}R^ . 

i=l 

Therefore for all y G W-"^: 

Q{y)Z, = a^v.c^'' I A G G (z^-Va)^} 

r 

Using the left action of H on i?"'"[c~^] (j2.ip and the fact that -R^[c~^] is a semisim- 
ple if-module we obtain 

r 

Using (j3.13p we see that the ideals Iw{y) of (and Jw{v) of are 
generated as right ideals by the subsets in Theorem 13.81 and Theorem 13.111 cor- 
responding to the fundamental weights cji , . . . , . 

Theorem 3.13. For all w e W and y G W-"": 

r 
i=l 

and 

r 

My) = I ^ e (K,(^0 nz^_T,^;^j^}i?,[c/^]. 

1=1 

For both generating sets one can restrict to root vectors ^ and rj. 

4. Results for the underlying Poisson structures 

In this section we prove results for the underlying Poisson structures for the 
algebras which are Poisson analogs of Theorems 13.81 13.111 and 13.131 

4.1. Let G be a simply connected complex semisimple Lie group and g = LieG. 
Fix a pair of opposite Borel subgroups B± . Let T = B^CiB- be the corresponding 
maximal torus of G, and U± be unipotent radicals of B±. Let W be the Weyl 
group of G. For a\l w (zW fix representatives w in N(T)/T. Here N(T) denotes 
the normalizer of T in G. 

Denote by A_|_ the set of positive roots of g. Fix root vectors G 0^°^, 
a G A-(_, normalized by 

(■^Q , Xq, ) = 1 

where (., .) denotes the Killing form on g. Define the bivector field 

aeA+ 

on the fiag variety G/B^. Here X - fl ~* Vect{G/B^) refers to the infinitesimal 
action of g on G/B+. It is well known that vr is a Poisson structure on G/B+, see 
e.g. [E] for details. The group T acts on {G/B^,tt) by Poisson automorphisms. 
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For y^,y^ G W define 

Ry.,y+ = B-y- ■ B+ n B+y+ ■ B+ C G/B+. 
This intersection is nontrivial if and only if y_ < y-|_ in which case it is irreducible 

The following Proposition follows from [10^ Theorem 4.14] of Evens and Lu, 
and |151 Theorem 0.4] of Goodearl and the author. 

Proposition 4.1. The T-orbits of symplectic leaves of {G / Bj^^tt) are precisely 
the intersections Ry_,y^, for y± € W , y_ <y+- 

The closure relation between symplectic leaves is described by the well known 
fact that: 

= V,yV I y± e ly, y_ < y'_ <y'+< y+}. 

4.2. From now on we fix an element w G W . The Schubert (Bruhat) cell 
translate wB- ■ B+ C G/B+ is an open subset of G/B^ and is thus a Poisson 
variety with the restriction of tt. 

Lemma 4.2. For y± W the intersection wB- ■ B^ fi Ry_^y_^ C G/B^ is 
nonempty if and only if y- < w < yj^. In the case when it is nontrivial, it is a 
dense subset of Ry_^y^. 

Proof. The second statement holds because wB^ ■ Bj^ is a Zariski open subset of 
and Ry_^y^ are all irreducible. 
Assume that wB^ ■ Bj^ n Ry_ ^y^ is nonempty. Then 

(4.1) wB_B+ n B_y_B+ / ^ wB_ n B^y^B+ / ^ 

B_wB_ n B^y^B+ / ^ > y_. 

Analogously wB^B^ n B^y^B^ ^ implies w < y+. Therefore, if wB- ■ B^ n 
Ry-,y+ is nonempty, then ?/_ < w < y+. 

Now assume that that y^ < w < y+. Analogously we get wB^B+nB^y^B^ ^ 
and wB_B+nB_y_B+ / 0. Let wb- E wB_B+^B+y+B+ for some 6_ € 
Since wB-B^ n B^y^B^ is invariant under the left action of B^ n vjB-w^^ 

(4.2) wB^B+ n B+y+B+ D w{B^ n w-^B+w)b-. 

Because wB^Bj^r\B^y^B^ ^ 0, wB^r\B^y^Bj^ ^ 0. The latter set is invariant 
under the left action oi B^rwoB^w^"^ and = [B^r\w^^B^vo){B^r\w^^Bj^w), 
thus wB^ n B^y^Bj^ ^ implies 

(4.3) {w{B_ n ■w"^S+u;)6_) n B^y^B+ ^ 0. 
Then ([42]) and ([43]) imply 

B^y^B+ n wB^B+ n B+y+B+ ^ 0. 

□ 

Proposition 4.3. ('ij T/ie T-orbits of symplectic leaves of {wB^ -Bj^^tt) are the 
intersections 

w 

S^(y_, y+) = • n for (^1,^2) G VF. 
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Their Zariski closures are given by 

SAy-,y+) = [_\i^Uy'-^y+^ \ y±(^W,y^<yL<w<y'+< y+}. 

w 

(2) Let € I^O^^- For each symplectic leaf S of Ry_^y^ the inter- 

section S n wB^ ■ Bj^ is nontrivial and is a symplectic leaf of S'^(y_,y+). All 
symplectic leaves of Su]{y-,y+) are obtained in this way. 

w 

Proof. Let 5 be a symplectic leaf of Ry_^y^ and (y_,y+) G VFO W^- Proposition 
14.11 implies that Ry_,y^ = T ■ S. Since the intersection wB^ ■ B^ n Ry_,y+ is 
nonempty there exists t G T such that wB^ ■ B+ ntS ^ 0. But wB^ n is 
T-stable, so wB- ■ S+ n 5 7^ 0. The complement of wB- ■ B^ n 5 in iS has real 
codimension at least 2. Thus wB^ ■ B^ n5 is connected and is a symplectic leaf 
of wB- ■ B+. Obviously all symplectic leaves of wB- ■ B^ are obtained in this 
way, which completes the proof of (2). It is clear that 

iy^,y+)=T-{wB^-B+nS). 

This implies (1). □ 



4.3. Denote 

(4.4) = [/+ n wU^w-^ and = Lie U"^. 
Identify 

(4.5) iyj-.U"^^ B+w ■ B+ C iy,{u) = uw B+, ue U"^. 

Observe that B^w ■ 5+ = U^w • B-^- = w{w^^U^w) • B-^- lies inside wB^ ■ Bj^. 
Proposition 14.11 implies that Bj^w ■ is a complete Poisson (locally closed) 
subset of G/Bj^. Denote the Poisson structure 

T^w = iw^{T^\B+w-B+) 

on C/^. 

Consider the conjugation action of T on C/^. It preserves tTw since i^ inter- 
twines it with the canonical left action of T on GjB^. 

Corollary 4.4. The T -orbits of symplectic leaves of (U!^ , nyj) are parametrized 
by ye W^"": 

(4.6) y G W^"" ^ SUy) ■■= i^nHRy,^) = B_yB+w-\ 
Moreover 

SM=\J^SUy'^\y' eW^'^^y'yy}. 

In particular, (|4.6p is an isomorphism of posets from W-"^ with the inverse 
Bruhat order to the underlying poset of the stratification of (C/^,7r^) into T- 
orbits of symplectic leaves. 

The Corollary follows from Proposition 14. II since i^ is T-equivariant and B^w- 
i?+ is a complete Poisson (locally closed) subset of wB- ■ B^. 
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4.4. The irreducible finite dimensional representations of G are parametrized by 
its set of positive dominant weights Denote by L{\) the corresponding G- 
module. Let ^ G C[G] be the the matrix coefficient corresponding to C G L*{X) 
and u G L{X). Then 

C[G] = Span{4„ | A G P+,n G L(A),C E L(A)*}. 

We will denote the root spaces of a G-module M by M^. For each A G P4. fix a 
highest weight vector ux of L(A) and a dual vector C;^ G L*(A)_a normalized by 
(Cai-'^a) = 1- Denote 

dt = d^<:x,ux ™^ d^ = {di\ Xe P+}. 
Then for wB^B+ C G 

Identify 

(4.7) C[wB^ ■ B+] ^ C[wB^B+f+, 

where (.)^+ refers to the ring of invariant functions with respect to the right 
action of on G. One verifies that under the isomorphism (j4.7p 

(4.8) C[wB^ ■ B+] = {dlJdi I A G P+,C G ^(A)*}. 
Analogously to (j2.8p one does not need to take span in ()4.8p . 

4.5. Denote n± = Lie?7±. For y G VF, define the ideals 

Q{y)t = {diujdi I A G G (Z^(n±)yz;A)^ C L(A)*} 

of C[it;5_ • 

Proposition 4.5. T/ie vanishing ideal of the Zariski closure of Sw{y, w) in wB^ ■ 
5+ is 

V {Clu,B- B+{Su,{y, w))) = Q{y)~ + Q(u^)i 

= {diujdi I A G P+,C G {U{n-)yvxnU{n+)wvxJ C L(A)*}. 

Proof. The ideal Q{y)^ is the vanishing ideal of GIwB--b+ {wB^ ■ B^ n P-y • P+), 
in particular it is prime. Indeed 

diujdt G V {Clu^B^-B+iwB^ ■ B+ n • B+)) 

if and only if {(^, (wB-B^DB-yB^ux)) which is equivalent to {(, B^yB^ux) and 
to C G {U-Ux)'^ since wB^B^nB^yB^ is dense in B^yB^. Analogously, in §4.61 
we verify that Q{w)^ is the vanishing ideal of B^w ■ B^ in C[tt;i?_ • B^]. 

Ramanathan proved [26^ Corollary 1.10 and Theorem 3.5] that the scheme 
theoretic intersection of the opposite Schubert varieties B^w ■ B^ and B^y ■ B^ 
in G/B^ is reduced. Therefore the same is true for the scheme theoretic intersec- 
tion of B+wB+ = wB^ ■ B+ n Bj^w ■ B+ and GlujB- B+iwB^ ■ B+nB^y ■ B+) = 
wB^ ■ Bj^ n B^y ■ Bj^. This implies the statement of the Proposition. □ 
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4.6. For A G P+ consider theU{b+) submodules Lw{X) = ly({b+)wvx = U{n'^)wv\ 
of L{X) (cf. (j4.4p ) called Demazure modules, where b± = Liei?-|-. 

Each r] € L^(A)* gives rise to a regular function dj^''** on U^, d^''^{u) = 
{ri,uwCx), u G U"^. One has 

(4.9) CpX] = I A G P+,77 G L^(A)*}. 

Let us trace back (j4.9p to (j4.8p . The composition of the isomorphism ■ = 
B+w ■ -B+ and the embedding B-^-w ■ B^ ^ wB- ■ B^ give rise to the embedding 

(4.10) j^:U'^^wB_-B+, (u) = uwB+ ,u£U^. 
In terms of (|4.8p and (j4.9p is given by 

(4.11) jUdtuJdt) = dj]'" A G P+,C G m*. 
In particular, the kernel of is 

(4.12) ker = V{B+w ■ B+) = V{S^{l,w)) 

= {diujdi I A G P+,C G {U{n+)wvx)^ C L(A)*}, 
cf. Proposition 14.31 and Proposition 14.51 

Theorem 4.6. For all y G W-"^ the vanishing ideal of the Zariski closure of the 
symplectic leaf Sw{y) in {11^,71^) is 

V(SM) = {d^'^ I rj G {L^{\)nU{n.)yux)^ C L^(A)*}. 

Proof. Clearly jw{Sw{y)) = Sw{y,w), cf. Proposition 14.31 and Corollarv 14.41 
(equivalently one can use that jw is closed). Thus V{Sw{y)) = jwO^i^wd/jw))) 
and the Theorem follows from Proposition 14.51 and (j4.1ip . □ 

We complete this subsection with a proof of the fact that for y G W-^ the 
ideal Q{y,w)w = Q{y)w + Q{w)t, is prime. 

4.7. The following Theorem is a Poisson analog of Theorem 13.131 

Theorem 4.7. For all y G W-^ the vanishing ideal of the Zariski closure of 
the T-orbit of symplectic leaves S^(y) in ([/^,7r^) is generated by d^'^^ where 
i = 1, . . . ,r and rj G (L^(u;i) r\U{x\-)yUi^.)^ C Lyj{u)i)* is a root vector. 

Proof. Consider the algebra C[G]'^+ of right [/"''-invariant functions on G. It is 
spanned by the matrix coefficients d^^^, A G P+, C G L{X)*. Kempf and Ra- 
manathan proved \19\ Theorem 3(i)] that Schubert varieties are linearly defined. 
This implies that for all y G 

r 

Span{4„^ I A G P+,C G {U{n-)yux)^} = Y^id^^^^ \ ( G {U{n^)yu^^)^}C[Gf+. 

i=l 

Then inside C[wB_ ■ B^] one has 

Sv^n{dl^Jdt 1 A G P+,C G {U{n^)yux)^} 

r 

= E{4n.yC I C G {U{n_)yu^J^}C[wB_ ■ B+], 
1=1 
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recall (|4.8|) . Now the Theorem follows from V{Sw{y)) = j^{V{Sw{y,w))) and 
Proposition 14.51 □ 

5. Quantum matrices 

5.1. Throughout this section we fix two positive integers m and n. Let G = 
SLm+n{C) and B± be its standard Borel subgroups. 

Denote by the longest element of Sm+n- For each k <m + n denote by 

wl. and w°^I' the longest elements of S{{1, . . . , k}) C Sm+n and S{{m + n — k + 
1, . . . , m + n}) C Sm+n, respectively. 

Denote the Coxeter element c = (12 . . . m + n) G Sm+n- Then 

(5.1) 



•^m^n ^m+n' 



In §5.1-5.3 we will apply the results of the previous Section to the case G = 
SLm+niC), Q = slm+niC) and w = c™. Ah notation L{uJk), Ly,{uJk), n+, U^, TTy, 
will refer to this case. 

For two integers k < I set k, I = {k, . . . ,1}. 

5.2. The matrix affine Poisson space is the complex afRne space Mm,n consist- 
ing of rectangular matrices of size m x n equipped with the quadratic Poisson 
structure 

m n d d 

(5.2) 'Km,n = X] X] sign(/ - j))xiiXkj-Q— A , 

i,k=l j,l=l ^'-^ 

where the standard coordinate functions on Mmn- 

One has, cf. [3, Proposition 3.4], [9, (3.11)], [lU Proposition 1.6]: 

Proposition 5.1. The map f: {Mm,n,'^m,n) {U'^ ,7^^^) given by 

is an isomorphism of Poisson varieties, where C/?'" C SLm+n{C) is given by (j4.4p 



/„ 



Here, for w E Sm we denote by the same letter the corresponding permutation 
matrix in GLm{C). 

Define the torus T := C"'+"-i and view it as pairs of diagonal matrices {A, B) 
of size mxm and nxn with det(A) det{B) = 1. It acts on Mm,n by {A, B)-X = 
AXB~^, X E Mm^n- The Poisson structure Trm,n is invariant under the action 
of T and / intertwines it with the conjugation action of the standard torus of 
SLm+n{C) on , see §4.3. For y E S^'\_,^ denote 

S{y) = f-\B^yB+c-n, 

where B± refer to the standard Borel subgroups of SLm+n{C). 

Corollary 5.2. [3l Theorem A] TheT -orbits of symplectic leaves of {Mm,n,'^m,n) 
are S{y), y E S.-_^^. Their Zariski closures are given by 



QUANTIZED NILPOTENT LIE ALGEBRAS 19 

5.3. Denote by L the vector representation of SLm+n{C) with standard basis 
{wi, . . . ,Um+n} (such that EijUq = 5jqUi). The fundamental representations of 
S Lm+n{C) Eire L{ujj^) = A^L, k = 1, . . . ,m + n — 1. They have bases 



uj = Ui-^ A . . . A Uif,, I = {ii < ■ ■ ■ < ik} C 1, m + n. 



For a subset / C 1, m + n denote 



(5.3) Piil) = / n 1, m and P2{I) =Ir]m+l,m + n. 



Consider the partial order on {/ C 1, m | |/| = k}: for I = {ii < ■ ■ ■ < i^.}, J = 
{ji < ■ ■ ■ < jk} ^ 1, rn + n, I < J ii k < ji for all I = 1, . . . ,k. 

For Ji C l,m, J2 ^ l,n, \ Ji\ = IJ2I denote by Aj^j^{x) the corresponding 
minor of a; G Mm,n- 

Let I C l,m + n. If /c G l,n, then / < c™'(l,k) = m + l,m + k implies 
P2{I) Cm + l,m + A;. IfA;Gn+l,m + n— 1, then / < c™'(l, fc) = 1, A: — n U 
m + l,m + n implies pi{I) 2 l,k — n. For y G -S^+n let ^(y) be the union of 
the sets of minors 

(5.4) 

for /c G 1, n, / C 1, m + rz, |7| = I < c"^^(l, k)^ I fc) and 

(5.5) 

wJ5j(pi n),(m+l,m+n\p2{-^))— "t- 

for /c € n + 1, m + n — 1, / C 1, m + n, j/j = k, I < c"*(l, k), I ^ y{l, k). In 
()5.4P " (j5.5p — m means subtracting m from each element of the set. Both sets of 
minors (j5.4p - (j5.5p can be uniformly described by the less explicit formula 

\liI)\piic^iTj^))Xp2ic^(m)\p2{I))-rn^ /c G l,m + n - 1. 

Theorem 5.3. For all y G S-.,.^ the vanishing ideal of the Zariski closure of the 
T-orbit of symplectic leaves S{y) in {Mm,m'^m,n) is generated by the minors in 
A{y) C C[Mm,n]. 



Functions cutting the closures S{y) were previously obtained by Brown, Good- 
earl and the author in [3l Theorem 4.2]. Goodearl, Launois and Lenagan 
independently find all minors that belong to the vanishing ideal of the Zariski 
closure of any T-orbit of symplectic leaves S{y) in [Mm,n-,T^m,n)- 

Proof. Observe that the Demazure module Lc^(uJk) is given by 



Lc^{uJk) = Spanjii/ | / C 1, m + n, j/j = k,I < c™'(l, A;)}. 



Denote by {(j | / C 1, m + n, [/[ = A;} C L{ujk)* the dual basis to {uj}. We can 
identify 



(5.6) Lc^iiOkY = Span{C/ \ I C l,m + n,\I\ = k, I < c"'il,k)} C LitOkY 
Then 



Lcrri{uJk) r]U{n-)yuYk = Spanju/ \ I (Z l,m + n,\I\ = k, y{l, k) < I < c"^(l, /c)}, 

where n_ denotes the nilpotent subalgebra of sim+n consisting of lower triangular 
matrices. Under the identification (j5.6p the orthogonal complement (Lcmlujk) H 
U-ijUj^)^ in Lcm{uJkY is 

{Lcn.{uJk)r\U-yujj:)^ = Span{C/ 1 / C l,m + n, |/| = kj < c™(T7fc),/ ^ y(M)}- 
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Theorem 14.71 implies that the vanishing ideal of the Zariski closure of S{y) in 
Mm,n is generated by ''^'"(/(x)), k G l,m + n — 1, / C l,m + n, \I\ = k, 
I < (1 , k) , I ^ y{l , k) . It is straighforward to check that 

Cl''"^'^k^f(^x)) = I ^""^ iPi{I)),im+l,m+k\p2 {I))~m (^) ' if 1 < /c < 71 

i^«)^(pi(7)\]:F^),(m+l,m+n\p2(/))-m'^^)' ^ + I < k < ITl + 11 - I 

This completes the proof of the Theorem. □ 

5.4. The algebra of quantum matrices Rq{Mm,n) is the K-algebra generated by 
Xij, i = 1, . . . ,m, j = 1, . . . ,n subject to the relations 

Xij^ik — QXii^Xij, for J < k, 

XijXik = xikXij, for i <l,j > k, 

XijXik - xikXij = (q- q^^)xikXij, for i <l,j < k, 

where K is a field of characteristic and g E K is transcendental over Q. For 
I = {h < ■ ■ ■ < ik} C {I, . . . ,m} and J = {ji < ■ ■ ■ < j^} C {1, . . . , n} one 
defines the quantum minor j G Rg{Mm,n) by 

i^-"^) = ^ ''^«fcJ<T(fc) • • • ^nj<T(i)- 

The group Z'""''" acts on Rq[Mm,n\ by algebra automorphisms by setting 
(ai, . . . , am, bi,... , bn) ■ Xij = q°-^~^^Xij on the generators of Rq[Mm,n]- 

5.5. In ^5.5H5.7I we apply the results from Sect. [3] to the particular case g = 
s\m+ni w = c"^. In particular l/(+, V{u!k), Vw{uJk) refer to this situation. 

Consider the reduced decomposition 

(5.8) ■W'm+n = Sl(s2Si) . . . {Sm+n~l ■ ■ ■ Si). 

Denote the corresponding root vectors given by (|3.7p by 

^1,2] ^1,3) ^2,3; • • • ; Yl,m+n, ■ ■ ■ , Ym+n-l,m+n G " = 

and 

UJ° 

^2,1; ^3,1) ^3,2; • • • ; Ym+n,l, ■ ■ ■ , Ym+n,m+n-l £ Z//.™ " = 

in the plus and minus cases, respectively. Then by [251 Lemma 2.1.1] li.i+i = , 
l<i<m + n — 1 and for i < j Yij is recursively given by 

(5-9) Y,, = Yi,j-iYj-i, - q-%-i,Yi,,-i. 

Analogously one has that ^2+1,1 = X^", l<i<m + n — 1 and for j > i Yji is 
recursively given by 

(5-10) Y,, = - qy,^i,y,,^i. 

The expression 

c"" = (Sm • • • Si){Sm+l . . . S2) • • • (Sm+n-1 • • • S„) 
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is reduced since /(c*") = mn. Denote the corresponding root vectors oiW^ by 

^l,m+l ) • • • ) -^m,m+l j ^l,m+2 ) • • • ) ^m,m+2 1 • • • i -^l,m+n j • • • ) -^m,m+n 

and of Wi" by 

^m+1,1 ) • • • ) -^m+l,m j ^m+2,1 ) • • • ) -^m+2,m i ■ ■ ■ i -^m+n,! > • • • ; -^m+n,m, • 



Lemma 5.4. ('i j For a// i € l,m, j G m + l,m + n and i G m + l,m + n, 
j € 1, m; 

(2) The map g: Rq[Mm^n] given by 

is an isomorphism of algebras. 

Proof. The first part of (1) is [25l Lemma 2.1.3 (3)]. The second part of (1) 
is similar. Meriaux and Cauchon showed that xtj Yij^rn defines an algebra 
isomorphism, based on the Alev-Dumas result [l] that the Yamabe root vectors 
of L(q{s[m+n) Satisfy the relations for the standard generators of Rq[Mm,n]- Since 
I— > X~ defines an isomorphism from U-^ to U- (such that Yij i— > {—qy~^~^Yji 
for i < j) and T^o^ is an (algebra) automorphism of h(g{Q), the map g is a 
homomorphism. It is an isomorphism because of the PBW basis part of Theorem 
[2Tl This proves (2). □ 

5.6. For y G 'S'^+„ let Aq{y) be the union of the sets of quantum minors 

^l?^{p^{I)),(m+l,m+k\p2{I))-m ^ ^li^rn,n] 

for k G T~n, I C l,m + n, \I\ = k, I < c™(T7A;), / ^ y(hk) and 

^w';^{pi{I)\TJ^),{m+l,m+n\p2(I))-m ^ ^g[^m,n] 



for /c G n + l,m + n - 1, / C l,m + n, |/| = k, I < c"'-{l,k), I ^ y{l,k), cf. 
()5.3p . We refer the reader to (|5.4p - (|5.5p for a comparison to the Poisson case. 



Theorem 5.5. For all y G 5'^+„ denote by I{y) the right ideal of Rq[Mm,n\ 
generated by Aq{y). 

Then all ideals I{y) are two sided, prime and Z™'^'^ -invariant. They exhaust 
all 7j"^^" -primes of Rq[Mm,n]- The map y G 5'^!j.„ ^ I{y) is an isomorphism 
from the poset S-.,.^ to the poset of TU^^"^ invariant prime ideals of Rq[Mm,n] 
ordered under inclusion. 

Theorem 15.51 is a corollary of Theorems 13 . 81 [3 . 1 1 1 and [3 . 1 3 1 for the special case 
of the algebras , cf. ^5.51 Its proof will be given in ^5.7[ 

The parametrization and poset structure of Z™'"^"-primes is due to Launois |22j 
who also proved that all of them are generated by quantum minors. Our proof 
is independent. Generators for the ^'""'""■-primes of Rq[Mm,n] were only known 
in the case m = n = 3 due to Goodearl and Lenagan [13]. Goodearl, Launois, 
and Lenagan have a recent independent approach constructing ideal generators 
in the general case |12j . 
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Define the algebra 

Ag(]K™+") = Tk{vi, . . .,Vm+n)/{v^Vj = -q-^VjVi,i > j,vf = 0) 

where Tk(.) refers to the tensor algebra over IC. It has a canonical structure of 
Z//g(s[m+n)-niodule algebra for the action: 

YijVk = SjkVi, 

KiVk = q°''''Vk, CLki = 1 if /c = i, aki = —1 if /c = i — 1, Uki = otherwise. 

Moreover Ag(]K™'+") is graded by degVi = 1 and its /c-graded component is 
isomorphic to the fundamental representation V{LOk) ofUq{5lm+n) 

(5.11) A,(]K-+")fe - Viuk) 

for k = 1, . . . ,m + n — 1. We will use the isomorphism (jS.lip for the remainder 
of this Section. Assuming it, 



VI := Vi^ . . .Vi^^, I = {ii < ■ ■ ■ < ik} Cl,m + n. 

is a basis of V{u}k)- Denote the dual basis of y(Ljfe)* by {^/}. Since all root 
spaces of V{ujk) are one dimensional (j2.2p implies 

(5.12) T^vi = 

for some nonzero 6 € K (depending on / and w). Recall the partial order on 
{/ C l,m + n I |/| = A;} from ^5.3[ Then the Demazure module Vu]{uJk) is given 
by 



VwiiOk) = ^+TwVt^ = Span{i;/ | / C 1, m + n, |/| = /c, / < w{l, k)}. 
Identify the dual space Vw{oJk)* with 



(5.13) Vu,{uJkT = Span{^/ \ I C l,m + n,\I\ = k, I < w{l, k)} C ^(wfc)*. 

Under this identification the orthogonal complement (V^(wfe) Pi U-TyVj-g)-^ to 
VwiuJk) ^^-TyVj^ in Vu,{uJk)* is given by 

{V^[uJk)f^U-TyV^)^ = Span{^/ | / C l,m + n, |/| = k,I< c™(T7fc), I t ^(1^1 
for all y e S-^^. 
5.7. We have 

IZ^ = (exp^(Xm,m+n ® Xm+n,m) ■ ■ ■ GWq{^l,m+n ® Xm+n,l)) ■ ■ ■ 
(6Xp„(^m,m+l ,m+l 

(g) Xm+l,l)) , 

recall (j2.6p . From (j2.2p one obtains that 

(5-14) (rj^(x)).^; = rjixr^o^ 



for all X G Uq{5lm+n), V G V'(wfc). 

Denote 
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Taking into account Lemma [531 eqs. (j5.12p . (j5.14p . and the fact that is an 
algebra automorphism oi Uq{s[m+n) for all w € W, we obtain: 

(5.15) {c^j 5^"^)(7^'=™) = Kc^o^(/),^o^(j) id) [( expg(y„,„+„ ® a;„,„) . . . 
exp (Yi 

,m+n yy 2^1, n ))•••( expg(ym,m+i Xm,i) ■ ■ ■ expg(yi,„+i xi,i))] 
for some nonzero & € K. 

Proof of Theorem 15.51 For y € S^_^_^ define the right ideals 

(5.16) I{y) = {(^^^(y;^) » 5"')(^"'") I A; € l,m + n-l, / C l,m + n, 

|/| = k,I< c™(T7fc),/ ^ y(T7fc)}i?g[M^,„]. 

Theorems 13.81 [3.111 and [3.131 and Lemma [5.41 (2) imply that all ideals I{y) are 
two-sided, prime and Z™+"-invariant. Moreover they exhaust all Z*" "''"'-primes 
of Rq[Mra^n] and the map y € S^+n I{y) is an isomorphism from the poset 



Sm+n t° poset of Z™+" primes of Rq[Mm,ri\ ordered under inclusion. 
We claim that for A; € 1, n, / C 1, m + n, \I\ = k, I < c™(l, k) 

(5.17) i'^^^c^iTk)® 9 ^)(J^'' ) = ^^lj^(pi(/)),(m+l,m+fc\p2(/))-m 



and for A; G n + 1, m + n — 1, / C 1, m + n, |/j = A;, / < c™(l, A;) 

(5.18) (4,c™(T;fc) ® 5- ^)(^^ ) " ^^<,{pi(/)\T;F^),(m+l,m+n\p2(/))-m 

for some nonzero 6 G K. depending on k and I. This implies that I(y) = /(y) for 
all y G 'S'm+n and the statement of the Theorem. 

Eqs. (j5.17p and (j5.18p are verified in a similar way. We will restrict ourselves 
to (|5.17p . Let i < j £ l,m + n. From (j5.9p one checks inductively on j — i that 

(5.19) Yij{uj/Uj) = ujiUi 
for all /' C 1, j — 1 U j + 1, m + n, [/'| = k — 1 and 

(5.20) Y,j{ui) = 



for all / C 1, j — 1 U j + 1, m + n, |/| = k. 

Now fix A; G 1, n and I C 1, m + n such that |/| = k, I < c'"(l, A;). Compute 
w^{I) = w^{pi{I)) U p2{I) and 'u;^c'"(T7A?) = m + l,m + A;. Then 



t(;;^(/) n'u;;^c™(l,A;) = m + l,m + A:np2(/) 

and 



<(/)\<c'"(l,A:) =<(pi(/)), <c"(l,A:)\<(I) =m+l,m + A:\p2(/). 
Denote 



WmiPiil)) = {k < ■■■ < ii}, m + l,m + k\p2{I) = {ji + m < . . . < ji + m}. 
Eqs. ([5T5D and ([5T9]) - ([5:20D imply 
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for some nonzero bi G IC. Using the fact that ViVj = —q~^VjVi for i > j, eq. 
()5.19p and the fact that for a permutation a, l{a) is equal to the number of its 
inversions we obtain 



*<T(i) Ji ■ ■ ■ •^*<t(1) Jl 



iy^(pi(/)),(m+l,m+fc\p2(i'))-m' 

This completes the proof of ()5.17p and the Theorem. □ 
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